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1. INTRODUCTION 
As we know, in the objective world, the motion equation of many objects can be described by 
the differential system 
x' : X(t, x). (1) 
Thus, to study the law of motion of these objects, one wants to discuss the properties of solutions 
of (1). When system (1) is a 2w-periodic system, i.e., X(t + 2w, x) = X(t, x), (w is a positive 
constant), to study the behavior of solutions of (1), we could use, as introduced in [1], the 
Poincar@ mapping. But it is very difficult to find the Poincar@ mapping for many systems which 
are not integrable in finite terms. In the 1980s, the Russian mathematician, Mironenko [2], 
first established the theory of reflective functions (RF). Since then, new methods to study (1) 
have been found. If F(t, x) is RF of (1), then, its Poincar@ mapping can be expressed by [1,2]: 
T(x) = F(-w, x). So, for any solution x(t) of (1) defined on [-w, w], it will be 2w-periodic if and 
only if x(-w) is a solution of equation F(-w, x) = x. 
Now, we suppose that X(t, x) is a continuously differentiable vector function on R x R n, and 
that there exists a unique solution for the initial value problem of (1). By the definition in [2], 
a continuously differentiable vector function Fit, x) on R × R n is eMled RF if it is a solution of 
the Cauchy problem 
Ft (t, x) + Fx (t, x) X (t, x) + X ( - t ,  F (t, x)) = 0, F (0, x) = x. (2) 
In [2], it is introduced that if x = ¢(t; to, x0) is the solution of (1) such that x(to) = xo, 
then, its RF can be defined by F(t, x) = ¢( - t ;  t, x). Thus, for any solution x(t) of (1), we have 
F(t, x(t)) =- x(-t).  
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If F(t, x) is RF of il), then, it is also the RF of the system 
• ' = x (t, ~) + F~-~S (t, ~) - S (-t,  _P (t, ~)), 
where S(t, x) is an arbitrary continuously differentiable function on R × R n. So, we can apply 
the theory of RF to discussing the property of the solutions of such systems. 
The RF of the linear system 
= P (t) x (3) 
is also linear F(t, x) = Fit)x , where the matrix F(t) is called a reflective matrix iRM). This 
matrix is the solution of the Cauchy problem 
+ FP  (t) + P ( - t )  F = 0, F (0) = E, (4) 
where E is the identity matrix. 
If X(t)  is a fundamental matrix of (3), then, the RM of (3) is F(t) = X( - t )X - l ( t ) ,  and so 
det F(t) = e-  f:* trP(r) dr. 
The RF possesses many other interesting properties [2-9]. We recall here only those that are 
necessary for us in this article. 
In the following, we will assume that all the differential systems discussed satisfy the conditions 
of on existence and uniqueness theorem. 
In this paper, we will answer the question of when the differential system 
x '=P( t )x+R( t ,x ) ,  tER ,  xER 2, (5) 
has such RF: F ( t, x) = ( Fl ( t, x ) , F2 ( t, x ) ) T satisfying 
__E l  (t, x) + F~ ~_( t ,  ~) = ,2 (t) [ x~ -* x~2 "~ (6) a2 (-t) b~ (-t) \a2 (t) / 
i 
At the same time, we will establish necessary and sufficient conditions for existence of a periodic 
solution of (5). Here, P(t) = (p,j(t))2×2, a(t )a( - t )  = 1, c~(O) = 1, a(t) > O, b(t) > O. 
In the following, we will simply denote: a := a(t); b := b(t); ~ := ~(t); 5 :---a(-t); b := b(-t); 
:= ~(t); ~ := ~(-t); . . . ,  etc. 
2. MAIN  RESULTS 
Now, we consider the nonlinear differential system i5). 
LEMMA 1. Suppose that ~ = O. Then, system (5) has a//near RF: F(t, x) = F(t)x if a~d 
only if the matrix F(t) is the RM of system (3) and F(t)R(t, x) + R i - t ,  F(t)x) = O. 
PROOF. Let F(t, x) ---" F(t)x be the RF of system i5). Then, by i2), we have 
F' (t) x + F it) [P (t) x + n (t, x)i + P ( . t )  F (t) z + R i - t ,  F (t) x) = 0, F(0) = E. (7) 
Differentiating with respect o x and setting x -- 0, we obtain the identity (4). Substituting 
into i7), we get Fit)R(t,  x) + R i - t  , F i t )x ) = O. This means that the necessary condition is 
satisfied. 
It is not difficult o verify that the sufficient condition holds. Therefore, the proof is finished. | 
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THEOREM 1. Suppose that w = 0. Th en, 
satisfying the relation (6) if and only if 
system (5) has a linear RF: F(t,x) = F(t)x 
(8) 
where 
F (t) R (t, z) + R (-t, F (t) cc) = 0, 
PROOF. Let F(t,.z) = F(t)a: be the RF of system (5). Then, by the definition of RF and 
i,dentity (6), we get 
where A = g/a, B = E/b, C = b/a, D = 6/b. In view of Lemma 1 and (4), we have 
sincp = 0, 
cos ‘p = 0, 
cos p = 0, 
(~+,%+Pzz+mz)CoSp+ (-pl--~plz+~j72l)sin~=O. 
AS det F(t) = a2AD = (u2BC = e- .&(Pll+P22) dt. Thus, 
From this, we obtain 
e-(1/2) .i-:tb~~+~zd dt . 
% + Pll + p11+ p22 + p22 = 0, 
2%fg !!I+ ~+Pll+Pll+P22+ISz2=0. 
‘Using these- identities and (lo), (11)) we obtain 
B A C 
2d = -jP21 - BP12 - 312 + -gl. 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
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Applying this relation and the fact that F(0) = E, we have ‘P = (l/2) .f,((a/b)~zl- (@)nz) dt. 
Substituting (8) and (13),(14) into (9),(10), we have 
A’ D’ --- 
A D fpll +pll -p22 -p22 Pi2 + 7g321- 71p12 - ~~21 sinp = 0, 
B A C- A- 
AI321 + BP12 + -p2 + 321 >,,,+(;-g +P22 +P11-p11-1722 sincp = 0. 
> 
From this and Lemma 1, we get the desired results, thus, the proof is complete. I 
COROLLARY 1. If the conditions of Theorem 1 are satisfied, and system (5) is 2w-periodic, then, 
system (5) has a unique Zw-periodic solution if W(-w) = [a2AD-a(A+D) cos cpfl] It=+ # 0. If 
W( -w) = 0, then, all the solutions of (5) are 2w-periodic. Moreover, these periodic solutions are 
asymptotically stable when u(-W)(II(W) > u(w) and b(-W)Q(W) > b(w); stable when u(-W)Q(W) 2 
u(w) and b(-w)a(w) > b(w); unstable when U(-W)Q(W) < u(w) and b(-w)a(w) < b(w). 
PROOF. By the previous introduction, it is well known that the solution $(t; -W,IC) of (5) is 
2w-periodic, if and only if, z is a fixed point of the mapping 
T(x) = F(-w,x). 
It is equivalent to the system 
crAcoscp - 1 aB sin cp 
-aC sin ‘p c-rDcoscp - 1 > 
x = 0. (15) t=--w 
Since the determinant of its coefficients is W(-w), it is easy to deduce that system (15) has 
a unique solution if and only if W(-w) # 0. Otherwise, there will exist infinitely many solu- 
tions. The fixed-point is asymptotically stable when u(-w)o(w) > u(w) and b(-w)a(w) > b(w); 
stable when u(-w)cr(w) 2 u(w) and b(-w)cr(w) 2 b(w); unstable when u(-w)a(w) < u(w) and 
b(-w)a(w) < b(w). By a th eorem in [l, p. 2831, the proof is complete. I 
EXAMPLE 1. The differential system 
X’=xcost+Te2Sinty+~~cos(pe2sint-~~sincp-& 
+ [X2e-2Sint + y2e2sint] [al c~s(pe~~~“~ - p1 sincp - &r] , 
y’=-ycost-Te-2Si”tz+~ccos(pe-2Si”t+~csincp-~c 
+ [x2e-2sint+y2e2sint] [~lcos(pe~2”i”t+~lsincp-~l], 
has RF 
F(t,x,y) = e-’ kt ~0s P 
sin ‘p X 
-sincp e2sintCOSp )( > y ’ 
where ‘p = - s:, T dt, r, crc, ~1, /?c, ,& are arbitrary continuously differentiable functions on R. 
If these functions are 2n-periodic, then, this system has a unique 2n-periodic solution when 
d-n) # 0, th o erwise, all the solutions of the above system are 2n-periodic. These periodic 
solutions are stable. 
THEOREM 2. If system (5) can be rewritten in the form 
x’ = UlX + a2yf (t, x, Y) 
Y’ = hY - b2xf (6 x, Y) , 
(16) 
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where a'b - ab' = (hi - bl )ab, f ( t, x, y) is an arbitrary continuously different|able function on R 3, 
then, the RF of system (16) satisfies reIation (6), in which a = (a/~)e-  f*-* al dr. 
PROOF. Let (x(t), y(t)) be a solution of (16). Putt ing u(t) = (x(t)/a(t)) 2 + (y(t)/b(t)) 2, then, 
As it is a linear equation, we have 
u ' ( t )=2(a l -~)u( t ) .  
= (a( t )  \ i
\ a (-t))  
e-2 fL  ~l(t) dt u (t) , 
from this it turns out the RF  of system (16), satisfying relation (6). Thus, the proof is finished. I 
COROLLARY 2. Let system (16) be 2w-periodic and the hypotheses of Theorem 2 be satis/~ed. 
Then, the null solution of (16) is asymptotically stable when f~_~ al (t) dt < 0 and f~_~ bl (t) dt < O; 
stable when f"_~ al(t)dt < 0 and f"_~ bl(t)dt < O; and unstable when f"_~ al(t)dt > 0 and 
f"__~ bl (t) dt > O. 
PROOF. By the conditions of the present corollary, we know that  the Poinear~ mapping 
T(x, y) = F ( -w,  x, y) transforms the ellipse (x/a( -w))  2 + (y/b(-w)) 2 - c 2 into the ellipse 
(x/(a(w))) 2 + (y/(b(w))) 2 ---- O~2(--~d)¢ 2 for every c. This means that  the point (0, 0) is the fixed 
point of the mapping T. Similar to the discussion in Corollary 1, we get the desired result. The 
proof is complete. | 
EXAMPLE 2. The RF  of the following differential system 
x' = x cos t + e 2 sin tyf(t ,  x, y), 
y' = -y  cos t - e -2 sin tx f ( t  'x, y) 
satisfies the relation 
e2sintF12 -~- e-2sintf22 ~ e-2Sintx2 _~_ e2sinty 2. 
In addition, if f ( t  + 2~r, x, y) = f ( t ,  x, y), then, the null solution of the above system is stable. 
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